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Generalized hyperbolic processes autocovariance 

functions 
 

 

 

Abstract. Generalized hyperbolic processes are Levy processes which allow an 

almost perfect fit to financial data. Autocovariance functions of generalized 

hyperbolic processes such as the normal inverse Gaussian process, the variance 

gamma process and the hyperbolic process are deduced at this paper. 
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1. Generalized hyperbolic process moments  
 

Generalized hyperbolic (GH) distributions are defined in [1] through its 

characteristic function 
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where ),,,,(GH~X   is a random variable  

following the generalized hyperbolic distribution, 
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  is the modified Bessel function of 

the third kind, 0z  ,  ℝ 
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The generalized hyperbolic distribution depends in five parameters:   determines 

a shape,   determines a skewness,   is a scaling parameter,   determines a 

location and   characterizes certain sub-classes. 

 

Definition 1. A stochastic process  
0ttHH


  with the parameters 

 ,,,,  on some filtered probability space ( ,ℱ,(ℱ 0t ), )
 
having values 

in ℝ, such as 0H
.s.a

0  , 
 
is called the generalized hyperbolic process if   

1) H  has  independent and stationary increments; 

2) H  increments sst HH   
follow

 
the generalized hyperbolic law with the 

parameters  ,,,, , i.e. 

0t

D

sst HHHH  ~ )t,t,,,(GH  , 0t,0s  , 

3) H  is stochastically continuous, i.e. for every 0t   and 0  

0)|HH(|Plim ts
ts




. 

 

Theorem 1. The generalized hyperbolic process mean and variance are given by the 

following equations 
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Proof.  According to the infinitely divisible property of the generalized hyperbolic 

distribution [1] one has 
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where ),,,,;u(GH

1H  is defined by (1). 

Having used the cumulants method [2] one has 
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http://www.multitran.ru/c/m.exe?t=4766616_1_2&s1=cumulants%20method
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From (1) and (4) one gets 
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Having differentiated the modified Bessel function of the third kind and taking into 

account its following properties  
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one gets 
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The generalized hyperbolic process variance is found to fit 
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From (1) and (4) one gets 
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Having differentiated (6) and taking into account (5) one gets (3). 

 

2. Generalized hyperbolic processes autocovariance functions 
 

The generalized hyperbolic process  
0ttHH


  with the parameters  ,,,,

can be equated [3, 4] 

                                       
tZtt WZtH  ,                                       (7) 

where  
0ttZZ


  – the generalized inverse Gaussian process with the parameters 

 , a , 22b  ,  
0ttWW


  – the standard Brownian motion, 

independent of  
0ttZZ


 .  

 

Theorem 2. The generalized hyperbolic process autocovariance function is given by  
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)z(K  – the modified Bessel function of the third kind, 0z  . 
Proof. Because of (7) the generalized hyperbolic process  

0ttHH


 mean and 

variance can be achieved as 

 
tZtt WZtEEH  ,  2t

2
tt EHEHDH  ,  

where  
0ttZZ


  – the generalized inverse Gaussian process,  

0ttWW


  – 

the standard Brownian motion. 

Hence the generalized hyperbolic process autocovariance function is of the form  
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2

1
HEH ,              (9) 

where  2tt
2
t EHDHEH  . The generalized hyperbolic process 

 
0ttHH


  mean tEH  and variance tDH  are defined by (2), (3). 

When st   one gets 
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According to the generalized hyperbolic process definition 
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Having substituted (10), (11), (12) to (9) one achieves the generalized hyperbolic 

process autocovariance function when st  . 
The case st   is analogical. Then one has (8) for any st,s,t  . 

Corollary 1. The hyperbolic process  
0ttYY


  with the parameters  ,  ,  ,   

autocovariance function is given by (8) when 1 . 

Proof. The proof of the corollary 3 follows from the theorem 2 proof because of the 

hyperbolic process is a special case of the generalized hyperbolic process when 

1 . 

Corollary 2. The VG-process  
0ttVV


  with the parameters  ,  ,   

autocovariance function is given by  

).))(s,tmax()(s,tmin(VEV 222
st   
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Proof. The proof of the corollary 2 follows from the theorem 2 proof because of the 

VG-process is a special case of the generalized hyperbolic process when

0,/2  . 

The autocovariance function of a VG-process is presented at the figure 1. 

  
a) st  ,0,1,5.0,1   b) st  ,0,1,5.0,1   

 

Figure 1. The autocovariance function of a VG-process 

 

 

Corollary 3. The normal inverse Gaussion process  
0ttNN


  with the 

parameters  ,  ,  ,   autocovariance function is given by  

stNEN  
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Proof. The proof of the corollary 1 follows from the theorem 2 proof because of the 

normal inverse Gaussion process is a special case of the generalized hyperbolic 

process when 2/1 . 

The autocovariance function of a normal inverse Gaussian process is presented at 

the figure 2. 

  
a) st  ,0,1,5.0,1   b) st  ,0,1,5.0,1   

 

Figure 2. The autocovariance function of a normal inverse Gaussian process 

 

The autocovariance functions of the generalized hyperbolic process,  normal inverse 

Gaussion process,  VG-process,  hyperbolic process are achieved at the paper. The 

generalized hyperbolic processes autocovariance functions building are carried out 

in MATLAB® 7.6.0 (R2008a). 
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